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Abstract 
A generalized cycle is a digraph whose set of vertices is partitioned in several parts that are 
cyclically ordered in such a way that the vertices in one part are adjacent only to vertices in the 
next part. The problems considered in this paper are: 
1. To find generalized cycles with given maximum out-degree and diameter that have large 
order. 
2. To find generalized cycles with small diameter for given values of their maximum out-degree 
and order. 
A bound is given for both problems. It is proved that the first bound can only be attained for 
small values of the diameter. We present two new families of generalized cycles that provide 
some solutions to these problems. These families are a generalization of the generalized de Bruijn 
and Kautz digraphs and the bipartite digraphs BD(N’,n). 0 199X Elsevier Science B.V. All rights 
reserved. 
Kqxwds: Interconnection network; Generalized cycle; De Bruijn digraph; Kautz digraph; Line 
digraph 
1. Introduction 
Graphs have been usually considered as models for interconnection networks. The 
switching elements or processors are represented by the vertices and the edges represent 
the communication links. Directed graphs, called digraphs for short, are used when the 
links are unidirectional. In this work, we are concerned in directed graphs only. 
We define next some graph concepts and present the notation we are going to use 
in this paper. 
A &gruph G = (V, A) consists of a set V of vertices and a set A of ordered pairs 
of vertices called arcs. The arcs in the form (x,x) are called loops. The cardinality of 
V is called the order of the digraph. If (x,-y) is an arc, it is said that x is djacent 
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to y and that y is adjacent from x. The set of vertices which are adjacent from (to) 
a given vertex v is denoted by T+(v) (r-(v)) and its cardinality is the out-degree of v, 
d+(u)= Ir+(v)] (’ d g m- e ree of v, d&(v) = IT-(v)1 ). Its minimum value over all vertices 
is the minimum out-degree, 6+, (minimum in-degree, S-) of the digraph G. The mini- 
mum degree of G is 6 = min{P, 6-}. The maximum out-degree, in-degree and degree 
are defined analogously. A digraph is d-regular if for any vertex v, d+(v) = d-(v) = d. 
A path of length h from a vertex x to a vertex y is a sequence of vertices 
x=x0,x1,... ,xh_i,xh = y where (Xi,Xi+l) is an arc. A digraph G is strongly connected 
if for any pair of vertices x, y, there exists a path from x to y. The length of a 
shortest path from x to y is the distance from x to y and is denoted by d(x, y). Its 
maximum value over all pairs of vertices is the diameter of the digraph, D(G). If G 
is not strongly connected, D(G) = 03. 
For any set A of vertices of a digraph G, let q+(A) be defined recursively by 
J+(A) = P( r:, (A)) beginning with 
r,+(A) = r+(A) = u r+(x). 
XEA 
When A = {x} we just write q’(x). Observe that y E q+(x) if and only if there is a 
path of length I from x to y. 
The basic requirements in the design of interconnection networks result in the need 
of finding graphs and digraphs with large order, bounded degree and small diameter [2]. 
Two optimization problems arise from this fact: 
1. Find graphs and digraphs with given maximum (out)-degree and diameter that have 
large order. 
2. Find graphs and digraphs with given order and maximum (out)-degree that have 
small diameter. 
Both problems have been widely considered. See [3] for a complete survey of recent 
results about large undirected graphs with fixed degree and diameter. The case of 
bipartite graphs has been also considered [5]. 
The de Bruijn [6] and Kautz [13] digraphs, denoted, respectively, by B(d,D) and 
K(d,D), are the largest known digraphs for general values of the degree d and the 
diameter D. The diameters of the generalized de Bruijn digraphs or Reddy-Pradhan- 
Kuhl digraphs, GB(d, n) [ 14, 11, 71, and the generalized Kautz digraphs or Imase-Itoh 
digraphs, GK(d,n) [12], are minimum or quasi-minimum for their degree and order. 
We recall the definitions and some properties of generalized de Bruijn and Kautz 
digraphs in Section 3. 
Fiol and Yebra [9] introduced a family of bipartite digraphs, the bipartite digraphs 
BD(d,n), with minimum or quasi-minimum diameter. The digraphs BD(d, dD-’ +dbp3) 
are large bipartite digraphs (optimal if D<5) for their degree and diameter. 
Kautz and de Bruijn digraphs and the bipartite digraphs BD(d,dD-’ + dDp3) are 
iterated line digraphs [8, 91. In fact, the line digraph technique is a good general method 
to obtain large digraphs with fixed degree and diameter. 
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We recall here the definition and some properties of line digraphs. See, for example 
[lo] for proofs and more information. 
In the line digraph LG of a digraph G each vertex represents an arc of G, that 
is, V(LG) = { uz) 1 (u, II) E A(G)}. A vertex UD is adjacent to a vertex wz if u = w, that 
is, whenever the arc (~,a) of G is adjacent to the arc (w,z). If the out-degree and 
the in-degree of any vertex of G are different from zero, the maximum and minimum 
out and in-degrees of LG are equal to those of G. Therefore, if G is d-regular with 
order n, then LG is d-regular and has order dn. If G is a strongly connected digraph 
different from a directed cycle, then the diameter of LG is the diameter of G plus one. 
The iteration of the line digraph operation is a good method to obtain large digraphs 
with fixed degree and diameter. If G is d-regular with d > 1, has diameter D and 
order n, then LkG is d-regular, has diameter D + k and order dkn, that is, the order 
increases in an asymptotically optimal way in relation to the diameter. 
The purpose of this paper is to present solutions to the above-mentioned optimization 
problems for a special kind of digraphs: the generalized cycles. 
A generalized p-cycle is a digraph G such that its set of vertices can be partitioned 
in p parts, 
V(G)= u K, 
CZEL, 
in such a way that the vertices in the partite set V, are only adjacent to vertices in 
V a+l, where the sum is in Z,. If G is strongly connected, r+( V,) = K+l. Observe that 
bipartite digraphs are generalized p-cycles with p = 2. 
Let G be a generalized p-cycle with V = Ff, U V, U. . U VP-l. The maximum out- 
degree among the vertices in V, will be denoted by d,. We consider A = A(G) = (do, 
dl, . . , dP_l ), the sequence of maximum out-degrees of G. The sequence of orders of 
G is N=N(G)=(no,nl,..., nP_l ), where n, is the cardinality of the partite set V,. 
The problems we consider in this paper are: 
1. To find generalized p-cycles with large order for given values of the diameter D 
and the sequence of maximum out-degrees A. 
2. To find generalized p-cycles with given sequence of orders N and sequence of 
maximum out-degrees A that have small diameter. 
We present some solutions to these problems that are a generalization of the above- 
mentioned families of solutions for the cases p = 1 (general digraphs) and p = 2 (bi- 
partite digraphs). 
To take different maximum out-degrees for each partite set is not a useless gener- 
alization. Bipartite digraphs with different out-degrees in each part are used in [4] to 
construct large directed hypergraphs. 
In Section 2 we find a bound for the order of a generalized cycle with a given 
sequence of maximum out-degrees d and diameter D. We prove next that this bound 
can only be attained for small values of the diameter if d, 32 for some 2. A bound 
for the diameter of a generalized cycle with given N and A is also given. 
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The regular case, that is d, = d for any x E Z,, is considered in Sections 3 and 4. 
We present in Section 3 families of regular generalized cycles with minimum or quasi- 
minimum diameter. These families are constructed from the generalized de Bruijn and 
Kautz digraphs. A family of regular generalized cycles that have large order for their 
degree and diameter is constructed in Section 4. The orders of the generalized cycles 
in this family attain the bound given in Section 2 whenever it is possible. For larger 
values of the diameter, their orders are very close to the bound. These generalized 
cycles are iterated line digraphs and, in fact, they can be seen as a generalization of 
Kautz digraphs. 
The general case is considered in Sections 5 and 6 with similar results. 
2. The bounds 
The aim of this section is to present the bounds related to the optimization problems 
we are considering. 
The following proposition is a characterization of generalized p-cycles that is easily 
proved. 
Proposition 2.1. Let G be a digraph. G is a generalized p-cycle if and only if for 
any pair of vertices x, y, the lengths of all paths from x to y are congruent modulo p. 
Next proposition about the diameter of generalized cycles will be very useful. 
Proposition 2.2. Let G be a strongly connected generalized p-cycle. The diameter D 
of G is the minimum integer such that for any vertex x, all the vertices of one of the 
partite sets of G are at distance at most D - (p - I) from x. 
Proof. Let us assume that D is the diameter of G and consider the integer r, 0 d r < 
p - 1, such that D + 1 E r (modp). Then, if x is a vertex in V,, all the vertices of 
&+r are at distance at most D - (p - 1) from x, because the lengths of all paths from 
v, to vr+7 are congruent with r modulo p. Reciprocally, if all the vertices in Vr+,. are 
at distance at most m from x, the vertices in VE+r+i, 0 <i ,< p - 1, are at distance at 
most m + i from x. Therefore, the diameter of G is at most m + p - 1. 0 
A bound for the order of a generalized cycle with given diameter and sequence of 
maximum out-degrees is given in the following proposition. 
Proposition 2.3. Let G be a generalized p-cycle with sequence of maximum out- 
degrees A=(do,dl,...,d,_l) and diameter D such that D-(p- l)=pm+r, 06 
r<p-1. Then, for any cc=O, l,..., p - 1, 
Iv,I<M,G=(p,A,D)=d _ d _ x ,. 2 r+,...d,-~(l +b+b2+...+bm), 
where b= b(A) =dodl . ..dP_l. 
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Proof. Let x be a vertex in V,-,.. From Proposition 2.2, there is a path with length at 
most D - (p - 1) = pm + r from x to any vertex in V,. The lengths of all paths from 
I?_,. to V, are congruent modulo p. Therefore, for any y E V,, there must be a path of 
length pj + r, 0 <j <m, from x to y. The proof is finished taking into account that we 
can arrive from x to at most d,_,&.+1 .. . d,_, 6’ vertices in V, with a path of length 
pj+r. Cl 
Consider 
The order of a generalized p-cycle with sequence of maximum out-degrees A = (do, 
d, , . . , dP_, ) and diameter D is at most MGC( p, A, D). 
The only strongly connected generalized p-cycles with d, = 1 for all E, that is, with 
b= 1, are the directed cycles C,,,, which have diameter np- 1 and order np=MGC(p, A, 
np- 1). Therefore, if A=(l, l,..., 1 ), the bound MG”( p, A, D) is attained by the cycle 
C,, if D = np - 1 for some integer n and cannot be attained if D # np - 1. 
From now on, we are going to consider only the case b > 1. The diameter of a 
generalized 
method to 
digraphs. 
p-cycle with b> 1 is at least p. The line digraph technique is a good 
construct large generalized cycles, as it is for general and bipartite 
Proposition 2.4. Let G be a generalized p-cycle with diameter D, sequence of max- 
imum out-degrees A = (do, d,, . . . , dP_, ), with b(A) > 1, and sequence of orders N = 
(no, n, , . . . , nP_, ). Then, the line digraph LG is a generalized p-cycle with diame- 
ter D + 1 and sequence of maximum out-degrees A. IJ; besides, for any SI E ZP all 
vertices in V, have out-degree equal to d,, then the sequence of orders of LG is 
N(LG)=LdN=(nb,n~,...,n~_,), where n:=d,_,tr_,. 
Proof. Since G is not a cycle, the diameter of LG is D + 1. The line digraph LG is 
a generalized p-cycle and the partition of its set of vertices is given by 
V(LG) = Q’ u 5’ u u q_,, 
where the vertices in V,’ represent the arcs of G that go from VX_, to V,. It is not 
difficult to check that the sequences of maximum out-degrees of G and LG are the 
same. Finally, if the out-degree of all vertices in V,_, is d,_, . there are d,_ln,_l arcs 
in G going from V,_ I to V,. 0 
We use next this proposition to prove that the bound MGC( p, A, D) is attained when 
p<D<2p - 2. The set of vertices of the complete generalized p-cycle K~~~,,,.,,n,_, 
is V=V,U&U.. . U 5-1, where the cardinality of V, is n, and each vertex in V, 
is adjacent to all vertices in V,+,. If A=(do,d, ,..., d,_,), with b>l, and D=p, 
then M,(;‘( p, A, p) = d,_, . This bound is attained by the complete generalized p-cycle 
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KGC no,nl,...,np-l’ where n,=d,_l. If O<kdp-2, the bound MzC(p,A,p+k) is attained 
by the iterated line digraphs LkKzS ,,___, np_, which have diameter p + k and the order 
of the partite set V, is da_k_lda-k.. . d,_ I = Mz’(p, A, p + k). Therefore, if b > 1 and 
p <D 62~ - 2, the bound MGC(p, A, D) is attained. We prove in Section 6 that this 
bound is also attained if 2p - 1 dD <3p - 2. Next theorem proves that the bound 
cannot be attained if D > 3p - 1. 
Theorem 2.5. The bound MGC(p, A, D), where b(A) > 1, can only be attained when 
p<D<3p - 2. 
Proof. We have seen that the bound MGC(p, A, D) is attained if p <D 6 2p - 2. Let 
us suppose that D>2p - 1 and that the bound MGC(p, A, D) is attained. There must be 
then a generalized p-cycle G with sequence of maximum out-degrees A = (do, dl, . . . , 
d,_,), diameter D, D-(p- l)=pm+r, with O<rdp- 1 and ~~31, and such that 
for any cr=O,l,..., p- 1, 
Let us note that this is only possible if, for any a E Z,, all vertices in V, have out- 
degree d, and, for any pair of vertices x, y, there do not exist two different paths of 
length at most D - (p - 1) from x to y. In particular, the length of the cycles in G is 
at least (m + 1)~. 
For any a, fi E Z,, we consider a Mp x M, matrix Bpl whose rows and columns are 
labeled, respectively, with the vertices of V, and V,. Each entry of Bga is the number 
of paths of length h, h s CI - /3 (modp), 16 h d p, from a vertex in VP to a vertex 
in V,. All entries of this matrix are 0 or 1. Besides, in each row, there are exactly 
dadb+, ...dn_zda_l entries equal to 1. Therefore, if jY, y E Z,, is an MY-dimensional 
vector with all its entries equal to 1, Bp,j, = dpdp+l . . . da_zdr_l jp. 
The paths of length p between vertices in V, are represented in the square matrix 
B, = B,,. As before, B, j, = bj,, where b = b(A) = dodl ’ . dP_ I. The entries of the 
matrix B! give the paths of length pq between vertices in V,. The diagonal of B$ is 
equal to 0 if q dm, because there are no cycles of length lesser than or equal to pm 
in G. Therefore, Tr(B$) = 0. 
Since the bound MGC(p, A, D) is attained by G, for any pair of vertices x E I&,. and 
y E V, there is exactly one path from x to y with length at most D - (p - 1) = pm + r. 
Since the paths of length pq+r from V,_, to V, are represented in the matrix B,_, .B$, 
we have that 
&z-r z(z + B, + B2, + . . . + B,“) = J,_r Ix, 
where JpDl is the MD x MN matrix whose entries are all equal to 1. Besides, since 
& a-rJ,-r a = &&+l . . dx+_lJxK and B _ B _ -B,, then *U. r a rX- 
B,(Z+B,+B;+.. +B,m)=d,d,+, ...da_r_lJaa. (1) 
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Therefore, since B,JM,, = bJ,,, 
(B,-bl)B,(I+B~+B2,+~~~+Bjn)=O. (2) 
From (1) and (2), it is not difficult to see that b is an eigenvalue of B, with multi- 
plicity 1 and that the eigenvalues ii, 1 <i <A4, - 1, of B, different from b are 0 or 
solutions of Im+’ - 1 = 0 different from 1. Besides, if q <m, 
Iv-I 
Tr(B,4)=bY + c I.p=O. 
,=I 
Therefore. 
Iv-1 M,-I 
b”‘=--&y’=-~~=b 
i=l i=l 
That implies that m = 1 and, then, 
A lower bound for the diameter 
deduced from Proposition 2.3. 
D<3p-2. 0 
of a generalized cycle with fixed A and N is easily 
Proposition 2.6. Let G be a generalized p-cycle with sequence of degrees A = (do, 
dl, . . , dP_ 1) and sequence of orders N = (no, nl, . . . , nP_ I). Let Dmin be the minimum 
integer such that n, <Mz’(p, A, D,i,) f or all c( E UP. Then, tf D is the diameter of G, 
Considering the particular case that d, = d for all xx, the next proposition is deduced 
from Proposition 2.3 and Theorem 2.5. 
Proposition 2.7. Let G be a generalized p-cycle with maximum out-degree d > 1 and 
diameter D such that D-(p- l)=pm+r, O<r<p- 1. Thenfor any uEZ,, 
Therefore, the order of G is at most MGC(p,d,D) = p(dD+’ - d’)/(dp - 1). This 
bound can only be attained when p < D < 3p - 2. 
Using the bound given in Proposition 2.7, it is not difficult to find a lower bound 
for the diameter of a generalized p-cycle with fixed maximum out-degree and order. 
Proposition 2.8. Let G be a generalized p-cycle with maximum out-degree d > 1 and 
such that the maximum cardinality of the partite sets is equal to n. Then, the diameter 
D of G verifies 
D>Dzz(p,d,n)= [logd(n(dP - 1) + l)l - 1 
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Proof. Let us consider m, r such that D - (p - 1) = pm + r, 0 <r < p - 1. From 
Proposition 2.7, 
dD+’ _ d’ 
n6M,GC(p,d,D)= dP _ 1 
Therefore, D + 13 [log,(n(dP - 1) + d’)] 3 [log,(n(dp - 1) + l)]. 0 
3. Regular generalized cycles with small diameter 
The aim of this section is to find generalized cycles with minimum diameter for 
fixed values of the maximum out-degree and order. We present a family of regular 
generalized cycles with diameter at most one unity greater than the lower bound given 
in Proposition 2.8. These generalized cycles are constructed using well-known families 
of digraphs with small diameter: the generalized de Bruijn digraphs and the generalized 
Kautz digraphs. 
For any integers n 2 d > 2, the Reddy-Pradhan-Kuhl or generalized de Bruijn di- 
graph with degree d and order n, GB(d,n) [14, 11, ‘71, has set of vertices Z,. The arcs 
of GB(d,n) are in the form (x,dx+ t), where O<t<d - 1. 
The vertices of the Imase-Itoh or generalized Kautz digraph with degree d and 
order n, GK(d,n) [12], are the elements of Z,. A vertex x of GK(d,n) is adjacent to 
the vertices -dx - t for any t = 1,. . . , d. 
The digraphs GB(d,n) and GK(d,n) are d-regular. Besides, for any pair of vertices 
x, y (not necessarily different) of one of these digraphs, there is a path of length [log, n] 
from x to y [7]. Since there are vertices x such that d(O,x) = [log, n], the diameter of 
GB(d,n) is [log, n]. The diameter D of GK(d,n) is such that 
Llog, nJ <D < [log, n1 .
The digraph GB(d,dD) is isomorphic to the de Bruijn digraph B(d,D) and the Kautz 
digraph K(d, D) coincides with the digraph GK(d,dD + db-‘) [lo]. 
The conjunction of the directed cycle of length p with a digraph G = (V, A), C,, 8 G, 
has set of vertices Z, x V and a vertex (a,~) is adjacent to the vertices (Z + 1,~) for 
any y adjacent from x in the digraph G. Obviously, C, @ G is a generalized p-cycle 
for any digraph G. 
The generalized cycle C, @ G is strongly connected if and only if for any a E Z, 
and for any pair of vertices x, y (not necessarily different) of G, there is a path from 
x to y with length 1 E a (modp). 
Proposition 3.1. Let G be a digraph such that C, @ G is strongly connected. Let h be 
the minimum integer such that for any pair of vertices x, y (not necessarily difSerent) 
of G, there is a puth from x to y with length 1 ,<h and 1 E h (modp). Then, the 
diameter of C,@G is h+p- 1. 
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Proof. Let (c(,x) be a vertex of C,, @ G in the partite set V, and let (@ + h, y) be 
a vertex in V&h. There is a path x,x1,. . . , x1-1, y in G with length I<h and I =h 
(modp). From this path, we consider a path with the same length, 
in C, @ G. Therefore, for any vertex of C, @ G all the vertices of one of the partite 
sets of C, @ G are at distance at most h from x. Besides, it is not difficult to see that 
h is the minimum integer with that property. From Proposition 2.2, the diameter of 
C,@Gish+p-1. 0 
Using Proposition 3.1 and the properties of the digraphs GB(d,n) and GK(d,n), a 
family of regular generalized cycles with diameter at most one unity greater than the 
lower bound DEz(p,d,n) is obtained. 
Theorem 3.2. For any positive integers p, d, n, with n > d > 2, C, @ GB(d, n) and C, @ 
GK(d,n) are d-regular generalized p-cycles such that each partite set has exactly 
n vertices. Let DI be the diameter of C, @ GB(d,n) and 02 be the diameter of 
C, @ GK(d, n). Then, 
Dzi(p,d,n)<&<DI = [logdnl + p - 1 <Dzz(p,d,n) + 1. 
We present next some other interesting properties of the generalized cycles C, @ G. 
The mapping 4 defined by ~(c(,x) = (c(+ 1,x) is obviously an automorphism of C, @ G. 
Therefore, all partite sets of C, @ G are symmetric. The line digraph of C, @ G is iso- 
morphic to C,@LG. An isomorphism is given by $[(a - l,x)(cc, y)] =(a,xy). There- 
fore, since LGB(d,n) % GB(d,dn) and LGK(d,n) Z GK(d,dn), the line digraphs of 
C, 8 GB(d,n) and C, @ GK(d,n) are, respectively, isomorphic to Cp @ GB(d,dn) and 
C,, @ GK(d,dn). From now on, BGC(p,d,n) will denote the generalized p-cycle C,, @ 
GB(d, n). 
4. Regular generalized cycles with large order 
We are looking for regular generalized p-cycles with order close to the bound 
@%,d,D). 
The complete generalized p-cycle Kz2,,,,,d is isomorphic to C, @ Ki, where K* is d 
the complete digraph with d vertices and a loop on each vertex. Therefore, for any 
k30, 
LkK:f; ,... ,d = C, @ L’K: = C, @ B(d, k + 1) = BGC(p,d,dk+‘)! 
where B(d, k + 1) is the de Bruijn digraph with degree d and diameter k + 1. The 
generalized p-cycle BGC( p, d, dkf ’ ) is d-regular, has diameter p + k and order pdk+' 
Therefore, the digraphs BGC( p, d, dk+’ ), 0 d k < p - 2, attain the bound MGC( p, d, D) 
when pdD62p - 2. 
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We present in this section a family of generalized cycles, which will be denoted 
by KGC(p,d, n). For any p, d and n such that n ad 32, the digraph KGC(p, d, n) 
is a d-regular generalized p-cycle with 12 vertices in each partite set. We will prove that 
the generalized cycle KGC(p,d, dP + 1) has diameter 2p - 1, that is, that 
the bound MGC(p,d, 2p - 1) = p(dP + 1) is attained by this digraph. Therefore, 
the bounds MGC(p, d, D), 2p - 16 D < 3p - 2, will be attained by the 
iterated line digraphs LkKGC(p,d,dp + 1 ), 0 <k < p - 1. Generalized cycles with 
order very close to the bound MGC(p, d, D) for D 33~ - 1 and generalized 
cycles with minimum or quasi-minimum diameter are also found in this 
family. 
If p is odd, the digraph G = GK(d,dp+ 1) is d-regular and q+(x) = V(G)- {x}, that 
is, between any pair of vertices x,y of G there is a path from x to y with length 0 or 
p. From Proposition 3.1, the diameter of C, @ GK(d, dJ’ + 1) is 2p - 1. Therefore, the 
d-regular generalized p-cycle C, @ GK(d, dJ’ + 1) attains the bound MGC(p, d, 2p - 1) 
when p is odd. 
In order to find a generalized p-cycle attaining the bound MGC(p, d, 2p - 1) for 
p even, we are going to present a new way of constructing generalized cycles that 
generalizes the construction of C, @$ G from G. 
Let G = (V, A) be a digraph and let @ = ($o,di,. . . , 4p_-l ) be a family of automor- 
phisms of G. The generalized cycle C, @Q G is defined as follows: its set of vertices 
is Z, x V and the adjacency rule is given by 
r+(cc,x)=(a+ I,r+&(x))={(a+ l,v)ly is adjacent from &(x) in G}. 
Proposition 4.1. Let G be a digruph and let @= (40, $1,. ..,4p-~) be a family of 
automorphisms of G. Let us consider q= (I,. ..,Z,~p_~...#lc#q,) Then, C, &, GE 
C, @$ G. 
Proof. Let 00, 191, . . , dp-l be automorphisms of G and consider Y = ($0, $1,. . . , $p_l ), 
where & = i3,+, &Q;‘. Then, the mapping 
is a digraph isomorphism. Consider 80 = I and da = &I . . .4,--t, if 1 <a < p - 1 and 
the proof is concluded. 0 
Let $ be an automorphism of G. We denote C, 84 G = C, @(I,...,I,~) G. From 
Proposition 4.1, all generalized cycles C, @G G are in the form C, @# G. 
Proposition 4.2. All partite sets of C, 84 G are symmetric. 
Proof. The mapping (E,x)++(cI + l,&(x)), where & = 4 if a= p - 1 and & =I 
otherwise, is an automorphism of C, &Q, G. 0 
J. G6mrz et al. /Discrete Applied Mathematics 89 (1998) 107-123 117 
Proposition 4.3. Let G be a digraph und 4 be an automorphism of G. Let L# be the 
uutomorphism of the line digraph LG dejined bY L$(xY) = &x)&(y). Then L( C,, @cd, 
G) ” C, 8~~ LG. 
Proof. The mapping 
L(C, 84 G) + C, 8~6 LG, 
(V)(~-f l,Y)++(Y + l>&(x)Y) 
is a digraph isomorphism. 0 
Proposition 4.4. Let G be u digraph and 4 an automorphism of G. Then, jbr uny 
vertex (X,X) of the generalized cycle C, 84 G and for any integer in the form pm + r, 
O<r<p- 1, 
~;+kv) = 
i 
{(r+rY,y)(yET~+,(~mx)} ifO<r<p-cc- 1, 
{(u + r, Y) I YE r,‘,+A4 m+‘x)} if’p-adrbp- 1. 
The mapping 4 : Z,, + Z, defined by d(x) = -x- 1 is an automorphism of the digraph 
GB(d, n). For any n > d 3 2, we consider the generalized p-cycle KGC(p, d, n) = C, @# 
GB(d,n). Observe that the set of vertices of KGC(p,d,n) is Z, x Z, and the adjacen- 
ties are: 
l F(~,x)={(cr+l,dx+t)It=O,l,...,d-1) ifO<a<p-2. 
l T+(p-l,x)={(O,-dx-(d-t))/t=O,l,..., d-l}. 
The digraph KGC(p, d, n) is d-regular and, from Proposition 4.2, all its partite sets 
are symmetric. Since the line digraph LGB(d,n) is isomorphic to GB(d,dn), apply- 
ing Proposition 4.3, we can see that the line digraph LKGC( p, d,n) is isomorphic to 
KGC( p, d, dn). 
Theorem 4.5. The bound MGC(p, d, 2p - 1) is attained by the digruph KGC( p, d, 
dpfl). 
Proof. The generalized p cycle KGC(p,d,dp+l ) is d-regular and has order 
p(dP+ l)=MGC(p, d, 2p - 1). We have to prove that its diameter is 2p - 1. From 
Proposition 4.4, for any x E Z,, 
r,+(OJ) = {(P,Y) I YE wp+w~. 
In the digraph GB(d,dp + 1 ), 
P-1 
q+(x)= dPx+CdJtp-Jti=O,l,...,d-1 =Zd,,+l -{-x-l}. 
j=O 
Since +(&P+I - {-x - l}) = &P+I - {x}, 
r,+(o,x> = vo - {(0,x)}. 
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Hence, there is a path of length p from (0,x) to any other vertex in 6. Since, from 
Proposition 4.2, all partite sets of KGC( p, d, dP+ 1) are symmetric, for any vertex (c(, x), 
G+(M,x) = V, - {(Lx,x)}. Therefore, from Proposition 2.2 the diameter of KGC(p,d,dP 
+l)isp+p-1=2p-1. q 
Theorem 4.6. The bounds AfGC( p, d, D), with 2p - 1 d D < 3p - 2 are attained by the 
generalized p-cycles KGC( p, d, d P+k+dk)=LkKGC(p,d,dP+ l), where O<k<p- 1. 
The generalized p-cycle KGC(d, p,d2p + dp) is d-regular, has diameter 3p - 1 
and each partite set has order d *P + dP = A4zc(p, d, 3p - 1) - 1. Since the bound 
MzC(p,d, 3p - 1) is not attainable, the order of KGC(d, p,d*p + dp) is optimal. 
If k 2 p, the order of the generalized p-cycles KGC( p, d, dp+k + dk) = LkKGC(p, d, 
dP + 1) is very close to the bound MGC(p,d, D), with D = 2p + k - 1. In fact, it is 
easy to check that 
p(d p+k + dk)> 
d2P - 1 
~MGC(p,dJ’). 
Therefore, for any p 2 1 and for any values of the degree d 3 2 and the diameter 
D >2p - 1, we have found a family of generalized p-cycles, the digraphs KGC(p, d, 
dpik +dk) = KGC(p, d, dD-pfl +dD-*J’+‘), with order very close to the bound MGC(p, 
d, 0). The order of these digraphs is optimal if 2p - 1 <D d 3p - 1. We recall that the 
bound is attained by the digraphs BGC( p,d, dD-J’+‘) if p 6 D <2p - 2. 
Besides, for any pt, the diameter of the generalized cycle KGC(p, d,n) is at most 
D,($(p, d, n)+ 1. In effect, it is not difficult to see from Proposition 4.4 that the diameter 
of KGC( p, d, n) is lesser than or equal to the diameter of BGC( p, d, n). 
These families of generalized cycles contain the families of digraphs that were pro- 
posed as solutions to the problems we are considering in the cases p = 1 (general 
digraphs) and p = 2 (bipartite digraphs). Actually, BGC( 1, d, n) are the generalized de 
Bruijn digraphs. The generalized Kautz digraphs coincide with KGC( l,d,n). We can 
see now that these two families are closely related because GK(d, n) = Cl 84 GB(d, n). 
In particular, de Bruijn and Kautz digraphs can be seen, respectively, as B(d, D) = BGC 
(1, d, dD) and K(d, D) = KGC( 1, d, dD + dD-' ). The bipartite digraphs BD(d, n), intro- 
duced by Fiol and Yebra [9], are the same as the generalized cycles KGC(2,d,n). We 
recall that the bipartite digraphs BD(d, dD-’ + dDP3) = KGC(2, d, dD-J’+’ + dDe2P+’ ) 
have large order (optimal if 3 <D < 5) for their degree and diameter. Finally, observe 
that BGC(p, d,dP) = C, @ B(d, p), which has diameter 2p - 1 and order pdP =MGC 
(p, d, 2p - 1) - p, is isomorphic to the directed butterjy &d(p) [ 11. Therefore, the 
directed butterfly is an iterated line digraph, gd( p) = C, @J LP-‘K,* = LP-’ Kz$,...,d_ 
The generalized cycles C, @ GK(d, n), which have been studied in Section 3, are 
also included in these families. In fact, from the definitions of GB(d,n) and GK(d,n), 
we have that C, 8 GK(d, n) = C, @(#,...,b) GB(d,n), where 4 is the automorphism of 
GB(d, n) we have been considering. Therefore, C, @ GK(d, n) = C, @I GB(d, n) = 
BGC(p, d, n) if p is even and C, @ GK(d,n) = C, @$ GB(d, n) = KGC(p, d, n) if p 
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is odd. In particular, the generalized cycle C, @ GK(d,dP + 1 ), where p is odd, that 
we have considered at the beginning of this section is the same as KGC(p,d,dP + 1). 
5. Generalized cycles with small diameter 
The problem we consider in this section is the following: given A and N, to find 
generalized cycles with sequence of maximum out-degrees A and sequence of orders 
N such that their diameters are close to the lower bound given in Proposition 2.6. We 
solve this problem for any A = (do, dl, . . , dp- I ) and N = (no. nl, , . . , np_ 1) such that, 
for any CI E Z,, d, > 2 and n,+t is a divisor of d,n,. 
Let us consider A=(do,dl,...,d,_l) and N=(no,nl,...,np_t) such that H,+~ is 
a divisor of dXnE. We define the generalized cycle BGC(p, A, N) with set of vertices 
v = {(V) I a E qp) x E &} and adjacencies given by 
T+(x,x)={(cc+ l,d,x+t)It=O,l,..., d, - l}. (3) 
Observe that BGC(p,A,N)=BGC(p,d,n)=Cp@GB(d,n) if A=(d,d ,..., d) and 
N=(n,n ,..., n). 
Proposition 5.1. For any vertex (a,~) of the generalized cycle BGC(p, A, N) andjbr 
any integer I=pm+r, Odr<p- 1, 
I;+(a,x)= {(a + r, y) 1 W(l,ct)x<yd W(l,a)x + W(l,a) - 1) 
where W( 1, a) = da+r-l . ’ . d,+ld&“‘. 
Proof. The proof is by induction on 1. The case 1= 1 is the adjacency rule (3). 
Let us suppose that the proposition is true for 1 = pm + r > 1. Let us recall that 
I’G,(cc,x) = r+(J’(a,x)). Therefore, if (c( + r + 1,~) E T/z,(r,x), then z =dZ+(+ry + t, 
where W(l,a)x<ydW(l,a)x + W(l,x) - 1 and t=O,l,...,d,+, - 1. The proof is 
concluded using that d,+, W( 1, cc) = W( I+ 1, a). 0 
Proposition 5.2. Let G be the generalized p-cycle BGC(p, A, N). Let h be the min- 
imum integer such that W(h,sl) 3na+h ,for all 2 E Z,. Then the diameter of G is 
D=h+p-1. 
Proof. From Proposition 5.1, 
for any vertex (a,~). Since W(h,a)ann+h, rh+(a,x)= G+J,. Therefore, from Proposi- 
tion 2.2, D < h + p - 1. On the other hand, there exists ti such that W(h - 1, a) < ?&+h__l . 
Besides, for any 1 <h - 1, 
r;+(~,O)={(a+z,y)(Ody~W(I,cr)- l}. 
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Therefore, (CX + I,nr+h_i - 1) 4 q+(a,O) if I <h - 1. We apply again Proposition 2.2 
to obtain that D>h + p - 1. 0 
Lemma 5.3. Let h be an integer and consider Y z h (modp) with 0 <r < p - 1. Ij 
d,_, > 1, then W(h, r - r) >Mz’(p, A, h + p - 2). 
Proof. It is not difficult to check that 
M,G?p,d,h + p - l)>d,_,M,GC(p,A,h + p - 2). 
Therefore, 
M,GC(p,A,h+p-2)~~~C(p,A,h+P- 1) bm+l _ 1 
W(h, CI - r) d,_,W(h, x - r) = d,_,.b”(b - 1) < ‘. q 
Theorem 5.4. Let us consider A=(do,dl,..., d,_l) and N=(no,nl,..., n,_l) such 
that, for any CXE $, dX> 1 and n,+l is a divisor of dun,. Then, the diameter D 
of the generalized cycle BGC(p, A, N) is such that D 6 DzE( p, A, N) + 1. 
Proof. Consider h = D - (p - 1). From Proposition 5.2, h is the minimum integer 
such that W(h, a - h) an, for any a E 77,. Therefore, there exists a such that n, > W(h 
- 1,~ - (h - 1)). From Lemma 5.3, 
n,>W(h- l,a-(h- 1))>M,GC(p,A,h+p-3). 
Since MGC(p A D’c)> n 1 )) mm I’ we have that Dzz( p, A, N) > h + p - 3. Therefore 
D=h+(p- l)<D,G;(p,A,N)+l. 0 
In the same way as in the regular case, the line digraph of BGC(p, A, N) is isomor- 
phic to another generalized cycle in the same family. 
Proposition 5.5. Let us consider A = (do, d ,, . . . , d,_l ) and N = (no, nl,. . . , n,_l ) such 
that n,+l is a divisor of d,n,. Then the line digraph LBGC(p, A, N) is isomorphic to 
BGC(p, A,LdN), where LAN = (r&n/1,. . . ,ni_,) and n: =dor_ln,_l. 
Proof. The isomorphism is given by the mapping 
(a,x)(cr + 1,&X + t)-(a + 1,&X + t). 
The integer d,x+t appears twice in the definition of the isomorphism, but with different 
meanings. It is an element of Z,%+, in the left side and it is an element of Z,;+, in 
the right side. Even though this is the fact that the mapping is well defined because 
d,(x + n,) + t = dXx + t (mod ni,,). Any integer J’, 0 < y dr~:+~ can be written in an 
unique way as d,x + t with 0 Gx Gn, and 0 d t <d,. Therefore, the mapping we are 
considering is bijective. It is not difficult to check that it preserves the adjacencies. q 
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6. Generalized cycles with large order 
We present in this section generalized cycles that attain the bound M”“(p, A, D) 
for any sequence of maximum out-degrees A and diameter D such that b(d) > 2 and 
2p- 1<D<3p-2. 
Let us consider d =(da,dl,. ..,d,_t) and N =(no,nt,. .,+I) such that n,+l is 
a divisor of d,n,. We define the generalized cycle KGC(p, A, N) with set of vertices 
v = {(W> / u E qJ, x E Znz} and adjacencies given by 
T+(a,x)={(r+l,d,x+t)/t=O,l,...,d,- l} if afp- 1, 
T+(p- l,x)={(O,d,_,(-x- l)+t)/t=O,l,..., d,_, - l}. 
(4) 
Observe that KGC( p, A, N) = KGC( p, d, n) = C,) ‘$34 GB(d, n) if A = (d, d, . . . , d) and 
N = (n, IZ,. .n). 
Proposition 6.1. For any vertex (X,X) of the generalized cycle KGC( p, A, N) and,fbr 
an)’ integer I= pm + Y, 0 < r < p - 1, there exists an integer y( I, 2, x) such that 
I;+('~~x)={(~+~,y)I;~(l,x,x)6y~~(l,x,x)+ W(l,r)- l}. 
Proof. We are going to use induction on 1. The case I = 1 is solved easily from 
the adjacency rule (4). We suppose that the proposition is true for I = pm + r 2 1. If 
a+r # p- 1 in Z,, we consider ~(lf 1, cr,x) = dr+ky(l, CI,X) and use the same arguments 
as in the proof of Proposition 5.1 to prove that the proposition is also true for I+ 1. If 
x+r-p-l (modp), thevertices(O,z)E:I’~~,(r,x)are suchthatz=d,_t(-y-l)+t, 
where i’(l,r,x)byb?;(l,x,x)+W(1,r)- 1 and t=O,l,...,d,_t - 1. We have to take 
in this case ;(I + 1,x,x)= -d,I_l;)(l,sc,x) - W(I + 1,~). 0 
It is obvious from Proposition 6.1 that the diameter of KGC( p, A, N) is lesser than or 
equal to the diameter of BGC( p, A, N). Therefore, if d, > 1 for all x E Z,,, the diameter 
of KGC(p,A,N) is at most D,($,(p,A,N)+ 1. 
Proposition 6.2. Let us consider A = (do, d, ,..., d,_l) and N=(no,nl,..., nP_l) such 
that n,+l is a divisor of d,n,. Then the line digraph LKGC(p, A,N) is isomorphic to 
LKGC(p, A,LdN), where LAN = (nh,ni,. . . ,ni_,) and nk =d,_ln,_l. 
Proof. The isomorphism is given by the mapping Y, which is defined by 
Y’[(a,x)(cr + 1,&x + t)] = (2 + l,d,x + t) 
if afp- 1 and 
Y[(P - l,x)(O,d,-1(-x - 1) + t)] =(O,d,-1(-x - 1) + t). 
This is proved in a similar way as in Proposition 5.5. 0 
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Theorem 6.3. The bound MGC(p, A, 2p- 1) is attained by the digraph KGC(p, A,M), 
where M=(b+ l,b+ l,..., b+ 1). 
Proof. We only have to prove that the diameter of KGC(p, A,M) is 2p - 1. From 
Proposition 6.1, 
rpf(w)= {(&Y> I Y(P, v)6YdY(P,v)+ VP,~)- 1). 
From the proof of Proposition 6.1, it is not difficult to see that y(p, a,.~) = -bx - b. 
Therefore, G+(a,x) = V, - {(cqx)}. 0 
Theorem 6.4. The bound MGC( p, A, D), 2p - 1 <D d 3p - 2 is attained by the digraph 
KGC(p,A,Lk,M)=LkKGC(p,A,M), Odk<p-1, whereM=(b+l,b+l,...,b+l). 
Proof. It is only necessary to observe that Lk,M = (120, nt , . . . , nP_ 1) with 
n, = dol-.&_-k+l . e&,(1 +b)=M,GC(p,A,2p+k- 1) 
whenever Odk,<p - 1. 0 
The generalized cycle LPKGC(p, A,M), which has diameter 3p- 1, has b*+b = Mzc 
(p, A, 3p - 1) - 1 vertices in each partite set. Since the bound Mz’(p, A, 3p - 1) is not 
attainable, the order of LPKGC(p, A,M) is optimal. For larger values of the diameter, 
that is, D - (p - 1) = pm + r with 0 < r 6 p - 1 and m b 2, we consider the generalized 
cycle LkKGC(p, A,M) with k = p(m - 1) + r. The cardinality of the partite set V, 
is in this case n, = dac_kdX_k+l . . d,_l(bm-l + b”), which is very close to the bound 
Mfc( p, A, D). In fact, 
b* - 1 
nor > FM,Gc(~, ASI. 
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